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DYNAMICAL CONVEXITY OF THE EULER PROBLEM OF TWO FIXED
CENTERS
SEONGCHAN KIM
Abstract. We give thorough analysis for the rotation functions of the critical orbits from which
one can understand bifurcations of periodic orbits. Moreover, we give explicit formulas of the
Conley-Zehnder indices of the interior and exterior collision orbits and show that the universal
cover of the regularized energy hypersurface of the Euler problem is dynamically convex for energies
below the critical Jacobi energy.
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1. Introduction
The Euler problem of two fixed centers describes the motion of a massless body under the influence
of two fixed massive bodies according to Newton’s law of gravitation. The two primaries will be
referred to as the Earth and the Moon and the massless body as the satellite. The problem was
first introduced by Euler in 1760 and he considered this problem as a starting point to study the
restricted three body problem [9, 10]. Indeed, it can be obtained from the planar circular restricted
three body problem by switching off the rotating term. In 1902 Charlier classified all orbits of this
problem [4, chapter 3]. He divided orbits into several classes according to the values of integrals.
Pauli [17] studied this problem to investigate the hydrogen molecular ion H+2 . In such a situation,
the two primaries are regarded as two protons and the massless body as an electron.
The describing Hamiltonian is given by
H :
(
R2 \ {E,M} )× R2 → R, (q, p) 7→ 1
2
|p|2 − 1− µ|q − E| −
µ
|q −M| ,
where µ ∈ (0, 1) is the mass ratio of the two primaries, E = (−1/2, 0) and M = (1/2, 0), i.e., the Earth
is located at (−1/2, 0) and the Moon at (1/2, 0). Notice that for a negative energy, the motion of the
satellite is bounded. Without loss of generality we assume that µ ∈ (0, 1/2], i.e., the Earth is stronger.
The Hamiltonian has a unique critical point L = (l, 0, 0, 0), where l =
1−2
√
µ(1−µ)
2(1−2µ) for µ 6= 1/2 and
l = 0 for µ = 1/2. Note that the projection of the critical point on the configuration space lies on the
line segment joining the Earth and the Moon. The energy value cJ := H(L) = −1− 2
√
µ(1− µ) is
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2 SEONGCHAN KIM
referred to as the critical Jacobi energy. There are another two distinguished energy levels that we
denote by ce and ch at which the Liouville foliation changes, see Remark 2.1.
For an energy c, the Hill’s region is defined by
Kc := pi(H−1(c)) ⊂ R2 \ {E, M} ,
where pi :
(
R2 \ {E, M} )×R2 → R2 \ {E, M} is the projection along R2. For c < cJ , the region Kc
consists of two bounded connected components: one is a neighborhood of the Earth and the other
is a neighborhood of the Moon. We denote these components by KEc and KMc , respectively. For
cJ < c < 0, these two components become connected. Notice that there is no unbounded component
for a negative energy, which is not the case in the rotating Kepler problem and the restricted three
body problem. For c > 0, the Hill’s region is the plane with the two punctures: R2 \ {E, M}. In
what follows, we consider only negative energies.
An interesting feature of the Euler problem is the fact that the system is completely intergrable,
which was first discovered by Euler. More precisely, there exists a smooth function G, which is called
the first integral of the system, other than the Hamiltonian H such that dH and dG are linearly
independent almost everywhere and they are in involution: {H,G} = 0. There are distinguished
periodic orbits: the interior collision orbit, the exterior collision orbit, the double-collision orbit, the
hyperbolic orbit and the elliptic orbit, see Figure 3. They are critical orbits, more precisely the
derivatives of the Hamiltonian and the first integral are linearly dependent along these orbits and
hence the corresponding leaves of the Liouville foliation are singular.
Since the Earth and the Moon are fixed, one can consider them as the foci of a set of ellipses
and hyperbolas. Thus, one can introduce the elliptic coordinates (ξ, η). Introducing the elliptic
coordinates, the system becomes separable and one can compute the periods τξ and τη of ξ- and
η-oscillations of each orbit. By the rotation number of an orbit, we mean the ratio R = τη/τξ, which
depends only on the value (G,H) = (g, c).
Proposition 1.1. We denote by Rint, R
E
ext, R
M
ext, Rdou, Rhyp and Rell the rotation functions of
the interior collision orbit, the exterior collision orbits in the Earth and the Moon components, the
double-collision orbit, the hyperbolic orbit and the elliptic orbit. Then the following hold
(a) Rint strictly increases from 1 to ∞ as an energy increases from −∞ to cJ .
(b) REext strictly increases from 1 as an energy increases from −∞ to 0.
In particular, lim
c→0
REext =∞ for the symmetric case µ = 1/2.
(c) RMext strictly increases from 1 to ∞ as an energy increases from −∞ to ch.
For c ∈ (ch, 0), we have RMext =∞.
(d) Rdou strictly decreases from ∞ to 0 as an energy increases from cJ to ce.
For c ∈ (ce, 0), we have Rdou = 0.
(e) Rhyp =∞.
(f) Rell strictly increases from 0 to 1 as an energy increases from ce to 0.
Throughout the paper, we fix some conventions. The symplectic form is given by ω =
∑
dpj ∧dqj
and the Hamiltonian vector field of a Hamiltonian H is defined by ω(XH , ·) = −dH. In the following
theorem, the Conley-Zehnder index is the one introduced by Hofer-Wysocki-Zehnder [11, chapter
3], which coincides with the transversal Conley-Zehnder index if a periodic orbit is nondegenerate.
Theorem 1.2. Assume that an energy is less than the critical Jacobi energy. Then the 2N -th
iteration of the interior collision orbit is nondegenerate if and only if 2NRint /∈ Z and its Conley-
Zehnder index is given by
µCZ(γ
2N
int ) = 1 + 2 max {k ∈ Z : k < 2NRint} .
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The 2N -th iteration of the exterior collision orbit is nondegenerate if and only if 2N/Rext /∈ Z.
The Conley-Zehnder index is given by
µCZ(γ
2N
ext ) = 1 + 2 max {k ∈ Z : k < 2N/Rext} .
In particular, the doubly-covered interior collision orbit fails to be nondegenerate if and only if
Rint = k/2, where k > 2. For the energy c at which Rint ∈ ((k − 1)/2, k/2), its Conley-Zehnder
index is given by 2k − 1. On the other hand, the doubly-covered exterior collision orbit is always
nondegenerate and its Conley-Zehnder index equals 3.
As a corollary of Theorem 1.2, we obtain the following.
Theorem 1.3. For energies below the critical Jacobi energy, the universal cover of the regularized
energy hypersurface is dynamically convex, namely all periodic Reeb orbits have Conley-Zehnder
indices at least 3.
The concept of dynamical convexity is introduced by Hofer-Wysocki-Zehnder [11, definition 3.6].
While convexity is not preserved under symplectomorphisms, dynamical convexity is a symplectic
invariant. By the results of [11] if S3 is equipped with a dynamically convex contact form, then it
admits an open book decomposition whose pages are (disk-like) global surfaces of section for the
associated Reeb flow. By a global surface of section we mean an embedded disk D ⊂ S3 having the
following properties:
(i) the boundary ∂D is a periodic Reeb orbit, which is called the spanning orbit,
(ii) the Reeb vector field is transverse to the interior of D,
(iii) every orbit, other than the spanning orbit, intersects the interior ofD in forward and backward
time.
Note that all the global surfaces of section above are spanned by the binding of the open book
decomposition. This binding is a nondegenerate periodic orbit which is unknotted, has self-linking
number -1 and is of Conley-Zehnder index 3.
By varying the energy level c one can construct a homotopy of the exterior collision orbits. In
particular, as c→ −∞ the exterior collision orbits are getting close to a simply-covered geodesic on
the two-sphere [16, section 2]. Since via Levi-Civita regularization [15] geodesic flows on the two-
sphere lift to Hopf links, their double covers have self-linking number -1. Since self-linking number is
a homotopy invariant, we conclude that self-linking number of the doubly-covered exterior collision
orbits equals -1. Then the assertion of Theorem 1.3 implies that for each c < cJ , the universal cover
of each component of the regularized energy hypersurface admits an open book decomposition whose
binding is the doubly-covered exterior collision orbit. In particular, each doubly-covered exterior
collision orbit bounds a global surface of section of the Reeb flow. In fact, in view of [12, theorem
1.7], the same argument also holds true for the doubly-covered interior collision orbits.
Remark 1.4. We remark that the roles of the interior and the exterior collision orbits are reminiscent
respectively of the roles of the direct and the retrograde circular orbits in the rotating Kepler problem,
see [1].
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Table 1. The ranges of the variables ξ and η in each regular region
Regions ξ-range η-range Ranges of roots
S′ (1, ξ2) (−1, η1) −1 < ξ1 < 1 < ξ2, −1 < η1 < 1 < η2
S, Earth (1, ξ2) (−1, η1) −1 < ξ1 < 1 < ξ2, −1 < η1 < η2 < 1
S, Moon (1, ξ2) (η2, 1) −1 < ξ1 < 1 < ξ2, −1 < η1 < η2 < 1
L (1, ξ2) (−1, 1) −1 < ξ1 < 1 < ξ2, −1 < 1 < η1 < η2 if (1− 2µ)2 > gc
or η1, η2 complex if (1− 2µ)2 < gc
P (ξ1, ξ2) (−1, 1) −1 < 1 < ξ1 < ξ2, −1 < 1 < η1 < η2 if (1− 2µ)2 > gc
or η1, η2 complex if (1− 2µ)2 < gc
2. The Euler problem of two fixed centers
As mentioned in the introduction, we introduce the elliptic coordinates which are defined by
ξ = |q − E|+ |q −M| ∈ [1,∞) and η = |q − E| − |q −M| ∈ [−1, 1].
In the (q1, q2)-plane, ξ = const or η = const represents an ellipse or a hyperbola, respectively. The
corresponding momenta pξ and pη are determined by the relation p1dq1 + p2dq2 = pξdξ + pηdη and
then the Hamiltonian in the elliptic coordinates is of the form
H =
Hξ +Hη
ξ2 − η2 ,
where Hξ = 2(ξ
2 − 1)p2ξ − 2ξ and Hη = 2(1 − η2)p2η + 2(1 − 2µ)η. Following the convention of
Strand-Reinhardt [19] we choose the first integral G by
G = −η
2Hξ + ξ
2Hη
ξ2 − η2 .
Given (G,H) = (g, c), the momentum variables are given by
(1) p2ξ =
cξ2 + 2ξ + g
2(ξ2 − 1) and p
2
η =
cη2 + 2(1− 2µ)η + g
2(η2 − 1) .
We now define two functions
(2) f(ξ) = (cξ2 + 2ξ + g)(ξ2 − 1) and h(η) = (cη2 + 2(1− 2µ)η + g)(η2 − 1).
The function f (or h) has four roots: ±1 and
ξ1,2 =
−1±√1− gc
c
(
or η1,2 =
−(1− 2µ)±√(1− 2µ)2 − gc
c
)
.
According to ranges of ξ1,2 and η1,2, the classically accessible regions in the lower-half (g, c)-plane
are divided into four(µ 6= 1/2) regions or three(µ = 1/2) regions, see Figure 1. For details to obtain
those regions, see for example [19, 20, 13]. Following the notations from [4, 17], the regions are
labeled by S′, S(satellite), L(lemniscate), and P (planetary). In S′, the satellite is confined to KEc
while it also can move in KMc in S. In L, the movement is bounded by the ellipse ξ = ξ1. Finally,
the satellite moves between two ellipses ξ = ξ1 and ξ = ξ2 in P , see Figure 2. These regions are
bounded by the five critical curves
l1,2 : c = −g ± 2(1− 2µ), l3 : c = −g − 2,
l4 : gc = (1− 2µ)2, cJ < c < ch, l5 : gc = 1, ce < c.
All points on these five curves are critical values of the energy momentum mapping (ξ, η) 7→ (G(ξ, η), H(ξ, η)),
while points in the interior of each region are regular values, namely they represent Liouville tori.
For the symmetric case, the lines l1 and l2 are identical and the region S
′ does not appear. The
ranges of ξ and η for the motions in each region are presented in Table 1.
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Figure 1. For negative energies, each regular level of the energy-momentum map-
ping represents one of the four types of motions, which are labeled by S′, S, L and
P . The colored curves are the critical curves which divide the four regular regions.
The shaded regions are classically forbidden.
(a) P -region (b) L-region
(c) S-region (d) S′-region
Figure 2. Typical orbits in the regular regions for µ = 1/4
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Remark 2.1. There are three specific energy values: the critical Jacobi energy cJ , ce = −1 at which
l3 and l5 intersect, and ch = −1 + 2µ at which l2 and l4 meet. These distinguished values are the
energy levels at which the Liouville foliation on an energy hypersurface changes, see Figure 1.
We now investigate the critical orbits. Every point on the line l1 represents the collision orbit
η = −1 in KEc . We call this orbit the exterior collision orbit in the Earth component. A point on
the line l2 represents an orbit in either KEc or KMc . An orbit in the Earth component is not a critical
orbit. For an orbit near the Moon, it represents the exterior collision orbit η = 1 in KMc . On the line
l3, for c < cJ , a point represents the collision orbit ξ = 1 in either KEc or KMc . Such an orbit will be
referred to as the interior collision orbit. For c > cJ , two interior collision orbits become connected
and the satellite moves between two primaries, see Figure 3a. We call this orbit the double-collision
orbit. For a point on the curve l4, the equation cη
2 + 2(1− 2µ)η+ g = 0 has the common root which
is positive: η1 = η2 = −(1 − 2µ)/c > 0. This implies that the satellite moves along the hyperbola
η = η1, which is close to the Moon, within the boundary ellipse ξ = ξ1. We call this orbit the
hyperbolic orbit. Finally, on the curve l5 we have ξ1 = ξ2 and hence the orbit is an ellipse, which we
call the elliptic orbit.
Remark 2.2. The hyperbolic orbits are Lyapunov orbits, i.e., as c → cJ from above the family
γchyp, c ∈ (cJ , ch), of the hyperbolic orbits converges uniformly to the critical point L [13, section
3]. On the other hand, the hyperbolic orbit degenerates to the exterior collision orbit in the Moon
component as c→ ch. Moreover, the elliptic orbit degenerates to the double-collision orbit as c→ ce,
see Figure 3b, 3c.
3. Rotation functions
Note that the Hamiltonian has singularities at the Earth and the Moon and hence an energy
hypersurface is not compact due to collisions. However, one can regularize this two-body collision
by means of a suitable time rescaling as follows.
Fix c < 0. We now show how to regularize the dynamics on the energy level set H−1(c). Define
the new Hamiltonian
K := (ξ2 − η2)(H − c) = Hξ +Hη − c(ξ2 − η2).
For points at K = 0 we have ∂σK = (ξ
2 − η2)∂σH for each σ = ξ, η, pξ, or pη. Therefore, with the
time scaling
dt = (ξ2 − η2)dτ,
orbits of H with energy c and time parameter t correspond to orbits of K with energy 0 and time
parameter τ . Note that the energy hypersurface H−1(c) is compactified to K−1(0). The equations
of the momenta (1) and the Hamiltonian equations of K on K−1(0) give rise to{
ξ˙ = 4(ξ2 − 1)pξ = 2
√
2
√
f(ξ)
η˙ = 4(1− η2)pη = 2
√
2
√
h(η),
where the dot denotes the differentiation with respect to τ and the functions f and h are defined as
in (2). It follows that
∫ ξ(τ)
ξ0
dξ
2
√
2
√
f(ξ)
= τ − τ0 =
∫ η(τ)
η0
dη
2
√
2
√
h(η)
.(3)
Lemma 3.1. The integrals (3) over [σmin, σmax], σ = ξ or η, are given as follows.
∫ ξmax
ξmin
dξ√
f(ξ)
=

1
4
√
1− gcK(k1) S
′, S and L-regions
2√
−g + c+ 2√1− gcK(k2) P -region
(4)
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(a)
(b) (c)
Figure 3. (a) The interior collision orbits become connected. (b) The hyperbolic
orbit degenerates to the exterior collision orbit in the Moon component. (c) The
elliptic orbit degenerates to the double-collision orbit.
∫ ηmax
ηmin
dη√
h(η)
=

1
4
√
(1− 2µ)2 − gcK(r1) S
′-region
2√
g − c+ 2√(1− 2µ)2 − gcK(r2) S-region
2√
−g + c+ 2√(1− 2µ)2 − gcK(r3) L, P -regions, (1− 2µ)2 > gc
2
4
√
(g + c)2 − 4(1− 2µ)2K(r4) L, P -regions, (1− 2µ)
2 < gc
(5)
where
k21 =
1
2
(
1− g − c
2
√
1− gc
)
, k22 =
1
k21
r21 =
1
2
(
1− g − c
2
√
(1− 2µ)2 − gc
)
, r22 =
g − c− 2√(1− 2µ)2 − gc
g − c+ 2√(1− 2µ)2 − gc ,
r23 =
1
r21
, r24 =
1
2
(
1 +
g − c√
(g + c)2 − 4(1− 2µ)2
)
and K(k) is the complete elliptic integral of the first kind of modulus k, which can be expressed by
the power series
(6) K(k) =
pi
2
∞∑
n=0
(
(2n− 1)!!
(2n)!!
)2
k2n.
Proof. See [3, 7]. 
8 SEONGCHAN KIM
Remark 3.2. Since the absolute values of all the moduli in the lemma are less than 1, the corre-
sponding power series (6) are convergent.
Remark 3.3. Since the η-motion in the Earth component is smooth, the two η-integrals (5) for S′-
and S-regions coincide on the line l2 : g = −c− 2(1− 2µ). Indeed, we observe that on l2
g − c = −2c− 2(1− 2µ) = 2(−c− 1 + 2µ)√
(1− 2µ)2 − gc = |c+ 1− 2µ| = −c− 1 + 2µ.
It follows that the first two integrals in (5) coincide with pi/(2
√−c− 1 + 2µ). On the other hand,
for the regions L and P , the last two integrals in (5) are also identical for points (g, c) satisfying
gc = (1−2µ)2 with c > ch. Indeed, if gc = (1−2µ)2, then we obtain 2K(0)/√−g + c = pi/√−g + c.
We abbreviate by
√
2τξ and
√
2τη the ξ- and η-integrals in the previous lemma. For each orbit,
τξ and τη give rise to the periods of ξ- and η-oscillations. A direct computation shows the following
lemma, where detailed computation will be included in Appendix A.
Lemma 3.4. (Dullin-Montgomery, [8, section 7]) Fix an energy c. Then in the regions S′ and S,
the periods τξ and τη are decreasing in g while both they are increasing in the region P . In the
region L, the period τξ is decreasing, but τη is increasing.
Definition 3.5. Given a regular level (g, c) of the energy momentum mapping we define the rotation
number of the corresponding Liouville torus by the ratio R =
(
τη/τξ
)
(g, c). Fixing an energy level c
and varying the intergal g defines the rotation function Rc := R(·, c) on the c-energy hypersurface.
We also define the rotation number of an orbit by the same formula. Note that all the orbits
on the same torus have the same rotation number since it depends only on the value (g, c). An
orbit is periodic if and only if the rotation number is rational. For this reason, a Liouville torus
on which periodic orbits lie is called a rational torus. On the other hand, given a rotation number
R0 the equation R(g, c) = R0 defines a smooth family of Liouville tori of the fixed rotation number
R0. If R = k/l, where k, l ∈ Z are relatively prime, then the corresponding family of Liouville tori
is referred to as the Tk,l-torus family. Each torus family draws a smooth curve in the lower-half
(g, c)-plane. By definition we have
Lemma 3.6. The rotation function for each region is given as follows.
RS′ =
4
√
1− gc
(1− 2µ)2 − gc
K(r1)
K(k1)
RS = 2
√ √
1− gc
g − c+ 2√(1− 2µ)2 − gc K(r2)K(k1)
RL =

2
√ √
1− gc
−g + c+ 2√(1− 2µ)2 − gc K(r3)K(k1) , (1− 2µ)2 > gc
2 4
√
1− gc
(g + c)2 − 4(1− 2µ)2
K(r4)
K(k1)
, (1− 2µ)2 < gc
RP =

√
−g + c+ 2√1− gc
−g + c+ 2√(1− 2µ)2 − gc K(r3)K(k2) , (1− 2µ)2 > gc
√
−g + c+ 2√1− gc√
(g + c)2 − 4(1− 2µ)2
K(r4)
K(k2)
, (1− 2µ)2 < gc
where the moduli k1, k2, r1, r2, r3, and r4 are given as in Lemma 3.1.
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It follows from Lemma 3.4 that Rc is strictly increasing in the region L. Dullin-Montgomery [8,
section 7] conjectured that it is strictly decreasing in S′-, S-, and P -regions. The next lemma shows
that in the S′-region it is strictly decreasing for c < cJ , which is needed to prove Theorem 1.3 in
Section 4.
Lemma 3.7. The rotation function Rc = Rc(g) is strictly decreasing in the S
′-region, provided that
c < cJ .
Proof. Note that the S′-region appears for µ < 1/2. Fix c < cJ . It suffices to show that
∂τη
∂g
τξ − τη ∂τξ
∂g
is negative for g ∈ [−c − 2(1 − 2µ),−c + 2(1 − 2µ)]. We introduce Aµ =
√
(1− 2µ)2 − gc and
B = g − c. Note that B > 0 since we have assumed that c < cJ . Then the two periods become
τξ =
K(k1)√
2A0
, τη =
K(r1)√
2Aµ
where
k21 =
1
2
(
1− B
2A0
)
, r21 =
1
2
(
1− B
2Aµ
)
.
Then we obtain
∂τη
∂g
τξ − τη ∂τξ
∂g
=
(
∂τη
∂Aµ
∂Aµ
∂g
+
∂τη
∂B
∂B
∂g
)
τξ − τη
(
∂τξ
∂A0
∂A0
∂g
+
∂τξ
∂B
∂B
∂g
)
=
(
∂τη
∂Aµ
− 12c
Aµ
+
∂τη
∂B
)
τξ − τη
(
∂τξ
∂A0
− 12c
A0
+
∂τξ
∂B
)
= − c
2
(
∂τη
∂Aµ
τξ
Aµ
− ∂τξ
∂A0
τη
A0
)
+
(
∂τη
∂B
τξ − τη ∂τξ
∂B
)
.
We first claim that
∂τη
∂Aµ
τξ
Aµ
− ∂τξ
∂A0
τη
A0
< 0. To see this, we compute that
∂τη
∂Aµ
=
∂K
∂r21
∂r21
∂Aµ
1√
2Aµ
− K(r1)√
2Aµ
3
=
∂K
∂r21
B
4A2µ
1√
2Aµ
− K(r1)√
2Aµ
3
=
1√
2Aµ
3
(
∂K
∂r21
B
2Aµ
−K(r1)
)
=
1√
2Aµ
3
(
∂K
∂r21
(1− 2r21)−K(r1)
)
= − pi
2
√
2Aµ
3
∞∑
n=0
(
(2n− 1)!!
(2n)!!
)2
(2n+ 1)(2n+ 3)
4(n+ 1)
r2n1 .
Replacing r1 with k1 and setting µ = 0 give rise to
∂τξ
∂A0
= − pi
2
√
2A0
3
∞∑
n=0
(
(2n− 1)!!
(2n)!!
)2
(2n+ 1)(2n+ 3)
4(n+ 1)
k2n1 .
It follows that
∂τη
∂Aµ
τξ
Aµ
− ∂τξ
∂A0
τη
A0
= −piK(k1)K(r1)
8
√
AµA0
∞∑
n=0
(
(2n− 1)!!
(2n)!!
)2
(2n+ 1)(2n+ 3)
4(n+ 1)
(
r2n1
K(r1)A2µ
− k
2n
1
K(k1)A20
)
.
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To prove the claim, it suffices to show that
r2n1
K(r1)A2µ
is increasing in µ. Indeed,
∂
∂µ
r2n1
K(r1)A2µ
=
nr2n−21
∂r21
∂µ K(r1)A
2
µ − r2n1
(
∂K
∂r21
∂r21
∂µ A
2
µ + 2K(r1)Aµ
∂Aµ
∂µ
)
K(r1)2A4µ
=
∂r21
∂µ r
2n−2
1 A
2
µ
(
nK(r1)− r21 ∂K∂r21
)
− 2r2n1 K(r1)Aµ−2(1−2µ)Aµ
K(r1)2A4µ
=
4(1− 2µ)r2n1
K(r1)A4µ
> 0.
This proves the claim.
We next claim that
∂τη
∂B
τξ − τη ∂τξ
∂B
< 0 from which the lemma follows. In a similar way as above,
we observe that
∂τη
∂B
τξ − τη ∂τξ
∂B
= −K(r1)K(k1)
8
√
A0Aµ
(
∂K/∂r21
K(r1)Aµ
− ∂K/∂k
2
1
K(k1)A0
)
To show that
∂K/∂r21
K(r1)Aµ
is increasing in µ, we compute that
∂
∂µ
∂K/∂r21
K(r1)Aµ
=
K(r1)
(
∂2K
∂(r21)
2
∂r21
∂µ Aµ − ∂K∂r21
∂Aµ
∂µ
)
−
(
∂K
∂r21
)2
∂r21
∂µ Aµ
K(r1)2A2µ
=
2(1−2µ)K(r1)
Aµ
(
− B4Aµ ∂
2K
∂(r21)
2 +
∂K
∂r21
)
+
(
∂K
∂r21
)2
(1−2µ)B
2A2µ
K(r1)2A2µ
.
The claim then follows from
− B
4Aµ
∂2K
∂(r21)
2
+
∂K
∂r21
= (r21 −
1
2
)
∂2K
∂(r21)
2
+
∂K
∂r21
=
pi
2
∞∑
n=0
((
(2n+ 1)!!
(2n+ 2)!!
)2
(n+ 1)n−
(
(2n+ 3)!!
(2n+ 4)!!
)2
(n+ 2)(n+ 1)
2
+
(
(2n+ 1)!!
(2n+ 2)!!
)2
(n+ 1)
)
r2n1
=
pi
2
∞∑
n=0
(
(2n+ 1)!!
(2n+ 2)!!
)2(
(n+ 1)(4n2 + 12n+ 7)
8(n+ 2)
)
r2n1 > 0.
This completes the proof of the lemma. 
Remark 3.8. A similar computation shows that the c-derivative of the rotation function R of the
S′-region is positive. Hence along the curve RS′(g, c) = R0, the slopes ∂c/∂g are positive.
Corollary 3.9. For each c < cJ , the rotation number of the exterior collision orbit in the Moon
component is greater than that in the Earth component: REext < R
M
ext.
The following lemma concerns the S-region.
Lemma 3.10. Given any point (g0, c0) ∈ S, there exists a smooth function f = f(c0,g0) : R → R
with f(g0) = c0 such that
lim
g→g0
∂RS(g, f(g))
∂g
6= 0.
THE EULER PROBLEM OF TWO FIXED CENTERS 11
Proof. Choose any (g0, c0) ∈ S. Let f : R→ R be any smooth function such that f(g0) = c0 and
(7) f ′(g0) =
c20 + g0c0 − 2
g20 + g0c0 − 2
.
Observe that the denominator is negative. Define
A(g) :=
√ √
1− gf(g)
g − f(g) + 2√(1− 2µ)2 − gf(g)
so that
RS(g, f(g)) = 2A(g)
K(r2)
K(k1)
.
We compute that
∂A
∂g
=
1
4A
√
1− gf(g − f + 2√(1− 2µ)2 − gf)2
(
B0(g) +
8µ(1− µ)(f + gf ′)√
(1− 2µ)2 − gf
)
,
where Bµ(g) = f(g)
2 + gf(g) − g2f ′(g) − gf(g)f ′(g) + 2(1 − 2µ)2f ′(g) − 2(1 − 2µ)2. On the other
hand, we have
∂k21(g, f(g))
∂g
=
B0(g)
8
√
1− gf(g)3
∂r22(g, f(g))
∂g
=
−2Bµ(g)
(g − f + 2√(1− 2µ)2 − gf)2√(1− 2µ)2 − gf .
It follows that
∂RS(g, f(g))
∂g
=
∂A(g)
∂g
K(r2)
K(k1)
+A(g)
∂K(r2)
∂r22
∂r22
∂g K(k1)−K(r2)∂K(k1)∂k21
∂k21
∂g
K(k1)2
= 1
(
2K(k1)
√
1− gf
(
B0 +
8µ(1− µ)(f + gf ′)√
(1− 2µ)2 − gf
)
−B0 ∂K
∂k21
(
g − f + 2
√
(1− 2µ)2 − gf
))
−2Bµ,
where
1 =
K(r2)
8K(k1)2A(1− gf)(g − f + 2
√
(1− 2µ)2 − gf)2
2 =
2A
K(k1)(g − f + 2
√
(1− 2µ)2 − gf)2√(1− 2µ)2 − gf ∂K(r2)∂r22
are positive terms. In view of (7) we obtain
Bµ(g0) =
8µ(1− µ)(g20 − c20)
g20 + g0c0 − 2
> 0.
Moreover, we have
f(g0) + g0f
′(g0) = c0 + g0
c20 + g0c0 − 2
g20 + g0c0 − 2
=
2(g0c0 − 1)(g0 + c0)
g20 + g0c0 − 2
< 0.
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It follows that
∂RS(g0, f(g0))
∂g
=
(
1
16µ(1− µ)K(k1)
√
1− gf√
(1− 2µ)2 − gf
)
(f + gf ′)−2Bµ < 0.
This completes the proof of the lemma. 
Corollary 3.11. In the S-region, there is no critical point of the rotation function.
We are now in a position to prove the main result of this section.
Proof of Proposition 1.1.
Case1: The interior collision orbits.
The interior collision orbits lie on l3 : g = −c− 2 with c < cJ . By Lemmas 3.1 and 3.6, the periods
and the rotation function are given by
τ intξ =
pi
2
√
2(−1− c) , τ
int
η =
K(r2)√
−c− 1 +√c2 + 2c+ (1− 2µ)2
Rint =
2
√
2(−1− c)K(r2)
pi
√
−c− 1 +√c2 + 2c+ (1− 2µ)2 =
2
pi
√
1 + r22K(r2),
where
r22 =
−c− 1−√c2 + 2c+ (1− 2µ)2
−c− 1 +√c2 + 2c+ (1− 2µ)2 .
We compute that
∂r22
∂c
=
8µ(1− µ)
(−c− 1 +A)2A > 0,
where A =
√
c2 + 2c+ (1− 2µ)2. Then it follows from
∂Rint
∂c
=
1
pi
√
1 + r22
∂r22
∂c
(
K(r2) + 2(1 + r
2
2)
∂K
∂r22
)
that the rotation function Rint is strictly increasing in c. Moreover,
lim
c→−∞Rint = limr22→0
2
pi
√
1 + r22K(r2) = 1, limc→cJ
Rint = lim
r22→1
2
pi
√
1 + r22K(r2) =∞.
Case2: The exterior collision orbits in the Earth component.
The exterior collision orbits in the Earth component lie on l1 : g = −c+ 2(1− 2µ) and we have
τ ext,Eξ =
K(k1)√
2 4
√
c2 − 2(1− 2µ)c+ 1 , τ
ext,E
η =
pi
2
√
2(1− 2µ− c)
REext =
pi 4
√
c2 − 2(1− 2µ)c+ 1
2
√
1− 2µ− cK(k1) =
pi
2
1√
1− 2k21K(k1)
,
where
k21 =
1
2
(
1− 1− 2µ− c√
c2 − 2(1− 2µ)c+ 1
)
.
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As in the previous case, we compute that
∂k21
∂c
=
2µ(1− µ)(
c2 − 2(1− 2µ)c+ 1)3/2 > 0
∂REext
∂c
=
pi
2(1− 2k21)3/2K(k1)2
∂k21
∂c
(
K(k1)− (1− 2k21)
∂K
∂k21
)
=
pi2
4(1− 2k21)3/2K(k1)2
∂k21
∂c
( ∞∑
n=0
(2n− 1)!!(2n+ 1)!!
(2n)!!(2n+ 2)!!
2n+ 3
2
k2n1
)
> 0.
Moreover,
lim
c→−∞R
E
ext = lim
k21→0
pi
2
1√
1− 2k21K(k1)
= 1
and
lim
c→0
REext = lim
k21→µ
pi
2
1√
1− 2k21K(k1)
=
pi
2
1√
1− 2µK(
√
µ).
Case3: The exterior collision orbits in the Moon component.
The exterior collision orbits in the Moon component lie on l2 : g = −c− 2(1− 2µ) and we have
τ ext,Mξ =
K(k1)√
2 4
√
c2 + 2(1− 2µ)c+ 1 , τ
ext,M
η =
K(r1)√
2|c+ 1− 2µ|
RMext =
4
√
c2 + 2(1− 2µ)c+ 1K(r1)√|c+ 1− 2µ|K(k1) = K(r1)√|2k21 − 1|K(k1) ,
where
k21 =
1
2
(
1 +
c+ 1− 2µ√
c2 + 2(1− 2µ)c+ 1
)
, r21 =
1
2
(
1 +
c+ 1− 2µ
|c+ 1− 2µ|
)
.
Assume first that c < ch = −1 + 2µ. Then we have
RMext =
pi
2
1√
1− 2k21K(k1)
.
Together with
∂k21
∂c
=
2µ(1− µ)(
c2 + 2(1− 2µ)c+ 1)3/2 > 0,
the computation in the case2 shows that the derivative ∂RMext/∂c is positive. Moreover,
lim
c→−∞R
M
ext = lim
k21→0
pi
2
1√
1− 2k21K(k1)
= 1.
If c > ch, then r
2
1 = 1 and hence R
M
ext =∞.
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Case4: The double-collision orbits.
The double-collision orbits lie on l3 : g = −c− 2 with c > cJ and we have
τdouξ =

pi
2
√
2(−1− c) c < ce
∞ c > ce
, τdouη =

K(r4)√
2 4
√
µ(1− µ) (1− 2µ)
2 < gc
K(r3)√
c+ 1 +
√
c2 + 2c+ (1− 2µ)2
(1− 2µ)2 > gc
Rdou =

2
√−1− cK(r4)
pi 4
√
µ(1− µ) =
2
pi
√
4r24 − 2K(r4) (1− 2µ)2 < gc, c < ce
0 otherwise
where
r23 =
2
√
c2 + 2c+ (1− 2µ)2
c+ 1 +
√
c2 + 2c+ (1− 2µ)2 , r
2
4 =
1
2
(
1− c+ 1
2
√
µ(1− µ)
)
.
We compute that for (1− 2µ)2 < gc with c < ce
∂r24
∂c
= − 1
4
√
µ(1− µ) < 0,
∂Rdou
∂c
=
2
√
2
pi
√
2r24 − 1
∂r24
∂c
(
K(r4) + (2r
2
4 − 1)
∂K
∂r24
)
< 0.
Moreover,
lim
c→cJ
Rdou = lim
r24→1
2
pi
√
4r24 − 2K(r4) =∞, limc→ceRdou = limr24→1/2
2
pi
√
4r24 − 2K(r4) = 0.
Case5: The hyperbolic orbits.
The hyperbolic orbits lie on l4 : gc = (1− 2µ)2 with cJ < c < ch and we have
τhypξ =
K(k1)
2 4
√
µ(1− µ) , τ
hyp
η =∞, Rhyp =∞,
where
k21 =
1
2
(
1− (1− 2µ)
2 − c2
4c
√
µ(1− µ)
)
.
Case6: The elliptic orbits.
The elliptic orbit lie on l5 : gc = 1 with c > ce and we have
τ ellξ =
pi
√−c√
2(1− c2) , τ
ell
η =
√−2cK(r4)
4
√
c4 + 2c2 − 4(1− 2µ)2c2 + 1
Rell =
2
pi
√
1− 2r24K(r4),
where
r24 =
1
2
(
1 +
c2 − 1√
c4 + 2c2 + 1− 4(1− 2µ)2c2
)
.
We compute that
∂r24
∂c
=
8µ(1− µ)c(c2 + 1)(
c4 + 2c2 + 1− 4(1− 2µ)2c2)3/2 < 0.
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It then follows from
∂Rell
∂c
=
2
pi
√
1− 2r24
∂r24
∂c
(
−K(r4) + (1− 2r24)
∂K
∂r24
)
= − 1√
1− 2r24
∂r24
∂c
( ∞∑
n=0
(2n− 1)!!(2n+ 1)!!
(2n)!!(2n+ 2)!!
2n+ 3
2
r2n4
)
> 0
that the rotation function Rell is strictly increasing in c. Moreover,
lim
c→0
Rell = lim
r24→0
2
√
1− 2r24K(r4)
pi
= 1, lim
c→ce
Rell = lim
r24→1/2
2
√
1− 2r24K(r4)
pi
= 0.
This completes the proof of the proposition.
Corollary 3.12. (a) in the region S′, a Tk,l-torus family converges to either l1 or the g-axis in one
direction and to l2 in the other direction.
(b) in the region S, it converges to l2 and l3.
(c) in the region L, it converges to l3 and the g-axis.
(d) in the region P , it converges to l5 and the g-axis.
In [6, appendix B] Contopoulos proved by a direct calculation that in S′ and S, it is always
τη > τξ, namely R ∈ (1,∞). Geometrically, this means that there is no periodic orbit in both
ΣEc and Σ
M
c which is closed after one revolution. Note that this result follows immediately from
Proposition 1.1 and Corollary 3.12. Moreover, we obtain
Corollary 3.13. In the region P , the rotation number is greater than zero and less than one:
RP ∈ (0, 1). On the other hand, in the L-region we have RL ∈ (0,∞).
Thus, for a Tk,l-torus family, we have k > l for S
′ and S while k < l for P . In L-region even k = l
is possible.
Corollary 3.14. Suppose that on an energy hypersurface H−1(c) there exists a regular periodic
orbit γ which is closed after one revolution. Then the energy level is greater than the critical Jacobi
energy, i.e., c > cJ , and the associated value (g, c) is contained in the region L.
Corollary 3.12 implies that a Tk,l-type orbit is one of the five critical orbits at the extremal
energies, which is abbreviated by ck,l. Let us see a transition of periodic orbits in a Tk,l-torus family
by increasing an energy level (cf. the transition in Tk,l-torus family in the rotating Kepler problem
[1, section 6]). We start with c < cJ . A Tk,l-torus family is born out of a multiple cover of the
interior collision orbit at c = cintk,l. As the energy increases periodic orbits become regular. If this
torus family represents the motions in the Moon component, then it becomes a multiple cover of
the exterior collision orbit γMext in the Moon component at c = c
ext,M
k,l . Suppose that the torus family
represents the motions in the Earth component. Since the rotation functions Rint and R
E
ext are
strictly increasing, there exists the unique energy level c0 = c0(µ) < cJ such that a torus family
which bifurcates at c ∈ (c0, cJ)(or c < c0) ends at the g-axis(or the line l1). Notice that for µ = 1/2
this energy does not appear and any torus family which is born out of a multiple cover of the interior
collision orbit ends with a multiple cover of the exterior collision orbit. We now consider the case
cJ < c < ce. A Tk,l-torus family is born out of a multiple cover of the double collision orbit at
c = cdouk,l . As an energy increases, periodic orbits again become regular and the family converges to
the coordinate axis c = 0. Finally, for ce < c < 0 a Tk,l-torus family is born out of a multiple cover
of the elliptic orbit at c = cellk,l and the family behaves as the case with cJ < c < ce, as the energy
increases. Notice that no Liouville torus bifurcates from the critical orbit whose rotation number is
zero (the double collision orbit with ce < c < 0) or infinite (the hyperbolic orbit and the exterior
collision orbit in the Moon component with ch < c < 0). These critical orbits are unstable periodic
orbits and the others are stable, see [20, chapter 3].
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We conclude this section with providing upper bounds of the rotation functions of the exterior
collision orbits for energies below the critical Jacobi energy.
Lemma 3.15. The rotation function Rext of the exterior collision orbit in each component is less
than 2 for c < cJ .
Proof. Fix µ ∈ (0, 1/2]. By Corollary 3.9, it suffices to prove the assertion for the Moon component.
Moreover, since RMext is increasing in c, it suffices to show R
M
ext(cJ) < 2. Recall that
RMext(cJ) =
pi
2
√
1− 2k21K(k1)
6 1√
1− 2k21
,
where
k21 =
1
2
(
1 +
cJ + 1− 2µ√
c2J + 2(1− 2µ)cJ + 1
)
.
We compute that
1√
1− 2k21
< 2 ⇐⇒ k21 <
3
8
⇐⇒
√
c2J + 2(1− 2µ)cJ + 1
4
< −cJ − (1− 2µ)
⇐⇒ 64µ(1− µ) < 15(c2J + 2(1− 2µ)cJ + 1).
It then follows from (cJ + 1)
2 = 4µ(1− µ) that
RMext(cJ) < 2 ⇐⇒ 16(cJ + 1)2 < 15
(
c2J + 2(1− 2µ)cJ + 1
)
⇐⇒ (cJ + 1)2 + 60µcJ < 0.
We observe that
(cJ + 1)
2 + 60µcJ = 4µ(1− µ) + 60µ(−1− 2
√
µ(1− µ))
= −4µ2 − 56µ− 120µ
√
µ(1− µ) < 0.
This completes the proof of the lemma. 
4. Main arguments
4.1. Definition of the Conley-Zehnder index. We recall the definition of the Robbin-Salamon
index [18]. Let ψ : [0, T ] → Sp(2n) be a smooth path of symplectic matrices. A point t ∈ [0, T ] is
called a crossing if det(ψ(t)− I) = 0. For a crossing t ∈ [0, T ], the crossing form Qt is defined as the
quadratic form
Qt(v, v) := ω(v, ψ˙(t)v), v ∈ Eigen1(ψ(t)),
where Eigen1(ψ(t)) is the eigenspace of ψ(t) to the eigenvalue 1. A crossing t ∈ [0, T ] is called
nondegenerate if the crossing from Qt is nondegenerate, i.e., the corresponding matrix does not
have an eigenvalue equal to zero. Assume that the path ψ has only nondegenerate crossings. In
particular, they are isolated. Then the Robbin-Salamon index is defined by
µRS(ψ) :=
1
2
sgn(Q0) +
∑
t∈(0,T ), crossing
sgn(Qt) +
1
2
sgn(QT ).
If a path ψ has degenerate crossing, we homotope ψ to ψ˜ with only nondegenerate crossings, where
during the homotopy the endpoints are fixed. Robbin-Salamon proved that the Robbin-Salamon
index is invariant under homotopy with fixing endpoints. Thus, we define
µRS(ψ) := µRS(ψ˜).
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Let (M, ξ = kerα) be a contact three manifold with pi2(M) = 0. Let γ : S
1 →M be a contractible
Reeb orbit and let u : D → M be its spanning disk, i.e., u(e2piit) = γ(t). Choose a trivialization
Ψ : u∗ξ → D ×R2 of the pull-back bundle u∗ξ → D. Then we obtain a path of symplectic matrices
ψ : [0, T ]→ Sp(2), which is defined as
ψ(t) := Ψ(t) dϕtH(x)
∣∣
ξ
Ψ−1(0),
where Ψ(t) = Ψ(e2piit), by linearizing the Hamiltonian flow along γ with respect to the chosen
trivialization. We define the Conley-Zehnder index of the periodic Reeb orbit γ by
µCZ(γ) := µRS(ψ).
Since pi2(M) = 0 and D is contractible, this definition is independent of the involved choices on the
spanning disk and the trivialization.
Remark 4.1. In this paper, we choose the definition of the Conley-Zehnder index as the one which is
given in [11, chapter 3] which is lower-semicontinuous. It is well known that this definition coincides
with the above definition via the Robbin-Salamon index for a nondegenerate periodic orbit, i.e.,
a periodic orbit γ such that dϕTH(x)
∣∣
ξ
does not have an eigenvalue equal to 1. Notice that the
Robbin-Salamon index is not lower-semicontinuous and two definitions are different for degenerate
orbits.
4.2. Proof of Theorem 1.2. In what follows, by an evenly-covered periodic orbit we mean a
periodic orbit which is the 2N-fold iterate of some primitive periodic orbit, where N is a positive
integer. We compute the Conley-Zehnder indices of the evenly-covered interior and exterior collision
orbits, which are contractible, for energies below the critical Jacobi energy.
We now introduce the doubly-covered elliptic coordinates (λ, ν) ∈ R× [−pi, pi], which are defined
by
q1 =
1
2
coshλ cos ν and q2 =
1
2
sinhλ sin ν
and the momenta are determined by the relation p1dq1 + p2dq2 = pλdλ+ pνdν. Note that the new
coordinates (λ, ν) are related to the single-covered elliptic coordinates (ξ, η) by
ξ = coshλ and η = cos ν
which imply that τλ = 2τξ and τν = 2τη. The rotation number does not change. The Hamiltonian
and the integral in this new coordinates are then given by
H(λ, ν, pλ, pν) =
Hλ +Hν
cosh2 λ− cos2 ν
and
G = −Hλ cos
2 ν +Hν cosh
2 λ
cosh2 λ− cos2 ν ,
where
Hλ = 2p
2
λ − 2 coshλ and Hν = 2p2ν + 2(1− 2µ) cos ν.
We define the regularized Hamiltonian K by
K := Kc = (H − c)(cosh2 λ− cos2 ν) = Kλ +Kν ,
where
Kλ = 2p
2
λ − 2 coshλ− c cosh2 λ and Kν = 2p2ν + 2(1− 2µ) cos ν + c cos2 ν.
With the time scaling dt = (cosh2 λ − cos2 ν)dτ , we examine orbits of K with energy 0 and time
parameter τ . The regularized Hamiltonian vector field is given by
XK = 4pλ∂λ + 4pν∂ν + 2 sinhλ(1 + c coshλ)∂pλ + 2 sin ν(1− 2µ+ c cos ν)∂pν .
Remark 4.2. For c < cJ , the regularized energy hypersurface K
−1
c (0) is diffeomorphic to the
disjoint union of two three-spheres, which is the double cover(or the universal cover) of RP 3. For
c > cJ , it is diffeomorphic to S
2 × S1, which is the double cover of the connected sum RP 3]RP 3.
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Case1: The interior collision orbits.
The interior collision orbit has constant λ, and hence pλ = 0. It follows that the Hamiltonian
flow along the interior collision orbit is given by
XK = 4pν∂ν + 2 sin ν(1− 2µ+ c cos ν)∂pν .
In particular, the period of the regularized orbit equals the ν-period. On the other hand, the two
linearly independent vector fields ∂λ and ∂pλ lie in kerα∩kerdK, where α is the canonical 1-form. In
other words, they trivialize the contact structures along the interior collision orbits. With respect to
this trivialization, the linearized Hamiltonian flow along γint onto the contact structure is a solution
of the ODE
ψ˙int =
(
0 4
2(1 + c) 0
)
ψint,
where 2(1 + c) < 0 in view of c < cJ . Solving the ODE yields the map
ψint(τ) =
 cos 2√−2(1 + c)τ √ −21+c sin 2√−2(1 + c)τ
−
√
1+c
−2 sin 2
√−2(1 + c)τ cos 2√−2(1 + c)τ
 .
The crossings occur at
τ ∈ pi√−2(1 + c)Z = τ intλ Z.
and the crossing forms have signature 2. Denote by γ2Nint the 2N -th iteration of γint. The argument
so far implies that it fails to be nondegenerate if and only if 2Nτ intν ∈ τ intλ Z, or equivalently
2NRint ∈ Z,
and for a nondegenerate orbit the Conley-Zehnder index is then given by
(8) µCZ(γ
2N
int ) = 1 + 2 max {k ∈ Z : k < 2NRint} .
Case2: The exterior collision orbits.
We proceed as in the previous case. Since the exterior collision orbits have constant ν, we have
pν = 0. Therefore, the Hamiltonian flow along the exterior collision orbit is given by
XK = 4pλ∂λ + 2 sinhλ(1 + c coshλ)∂pλ .
The period of the regularized orbit equals the λ-period. The two vector fields ∂ν and ∂pν lie in
kerα ∩ kerdK and this implies that they trivialize the contact structures along the orbits.
Following the similar computation as in the previous case, we obtain the associated ODE
ψ˙±ext =
(
0 4
−2(±(1− 2µ)− c) 0
)
ψ±ext
for the Earth(+) and the Moon(−) components, respectively. Since ±(1 − 2µ) − c > 0, the above
ODE yields the map
ψ±ext(τ) =
 cos 2√2(±(1− 2µ)− c)τ √ 2±(1−2µ)−c sin 2√2(±(1− 2µ)− c)τ
−
√
±(1−2µ)−c
2 sin 2
√
2(±(1− 2µ)− c)τ cos 2√2(±(1− 2µ)− c)τ
 .
This path of symplectic matrices has crossings at
τ ∈ pi√
2(±(1− 2µ)− c)Z = τ
ext,±
ν Z
and the crossing form has signature 2. It follows that the 2N -covered exterior collision orbit fails to
be nondegenerate if and only if
2N/R±ext ∈ Z,
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and for a nondegenerate exterior collision orbit the Conley-Zehnder index is given by
(9) µCZ(γ
±,2N
ext ) = 1 + 2 max
{
k ∈ Z : k < 2N/R±ext
}
.
We now consider the doubly-covered collision orbits. By Proposition 1.1 and the formula (8) the
doubly-covered interior collision orbit is nondegenerate if R 6= k/2, k > 3, and for R ∈ ((k−1)/2, k/2)
the Conley-Zehnder index is given by
µCZ(γ
2
int) = 1 + 2 max {N ∈ Z : N < k} = 2k − 1.
For the doubly-covered exterior collision orbit, Lemma 3.15 and the formula (9) imply that it
is always nondegenerate and the Conley-Zehnder index equals 3. This completes the proof of the
theorem.
4.3. Proof of Theorem 1.3. In [14, theorem 1.1], it is shown that the doubly-covered elliptic
coordinates provide a 2-to-1 symplectic embedding into R4 having the property that the image of
the regularized Moon component is convex for c < cJ . Then by [11, theorem 3.7] the regularized
Moon component is dynamically convex.
To show that the regularized Earth component is also dynamically convex, we observe that by
Remark 3.3, Lemma 3.7 and Remark 3.8 the rotation function Rc = Rc(g) is strictly decreasing for
g ∈ I := (−c−2(1−2µ)−,−c+2(1−2µ)), where  > 0 small enough, so that the Tk,l-torus family
is Morse-Bott nondegenerate for g ∈ I. By homotopy invariance of the Conley-Zehnder index that
any two periodic orbits in the Tk,l-torus family for g ∈ I have the same Conley-Zehnder index.
Choose any Tk,l-type orbit associated with (g, c) ∈ S. Since this point represents periodic orbits
both in the Earth and Moon components, periodic orbits associated with (g, c) ∈ S in the Earth
component have the same Conley-Zehnder index as such orbits in the Moon components, i.e., the
Conley-Zehnder index is greater than or equal to 3. We then conclude from dynamical convexity
of the Moon component and Morse-Bott nondegeneracy of the torus families for g ∈ I that any
(evenly-covered) torus type orbit in the S′-region is also of Conley-Zehnder index greater than or
equal to 3.
Albers-Fish-Frauenfelder-van Koert proved that in the rotating Kepler problem the circular orbits
are contractible if and only if they are evenly-covered , see [1, claim in section 7.2]. Their argument
also holds for the Euler problem, i.e., the interior and the exterior collision orbits are contractible
if and only if they are evenly-covered. In particular, by Theorem 1.2 the doubly-covered exterior
collision orbit has the Conley-Zehnder index 3. This implies that the regularized Earth component
is dynamically convex. This finishes the proof of the theorem.
Remark 4.3. Dullin-Montgomery conjecture for the S-region which is mentioned in the previous
section has the following implication: since the rotation function is strictly decreasing also in the
S-region, the whole Tk,l-torus family is Morse-Bott nondegenerate. Therefore, to determine the
Conley-Zehnder index of a torus type orbit it suffices to determine the index of one periodic orbit
in each torus family. Then using invariance of the local Floer homology (see [5]) as in [1, chapter
7] one can determine that the Conley-Zehnder index of the Tk,l-torus family equals 2k − 1. Note
that since the covering number of the Tk,l-torus family is l, to be the orbits evenly-covered, l must
be greater than 2. It follows from k > l that k > 3 and then the Conley-Zehnder indices of any
contractible torus type orbits are greater than 5. In particular, the doubly-covered exterior collision
orbit is the unique periodic orbit of Conley-Zehnder index 3 on each compact component.
Appendix A. Computations
In this appendix, we prove Lemma 3.4. It suffices to compute with the integrals (4) and
(5). We denote them by Iξ and Iη, respectively. For convenience, we introduce two functions
Aµ = (1− 2µ)2 − gc and B = g − c. We first compute that
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∂IS
′
η
∂g
=
1
4A
5/4
µ
(
−√Aµ ∂K
∂r21
+ c
(
K(r1)− B
2
√
Aµ
∂K
∂r21
))
=
1
4A
5/4
µ
(
−√Aµ ∂K
∂r21
+ c
(
K(r1) + (2r
2
1 − 1)
∂K
∂r21
))
.
Since
K(r1) + (2r
2
1 − 1)
∂K
∂r21
=
pi
2
∞∑
n=0
(
(2n− 1)!!
(2n)!!
)2
(2n+ 1)(2n+ 3)
4(n+ 1)
r2n1 > 0,(10)
we conclude that ∂IS
′
η /∂g < 0. Plugging µ = 0 gives rise to the same result for I
S′
ξ = I
S
ξ = I
L
ξ .
We now consider ISη . We compute that
∂ISη
∂g
=
2
(B + 2
√
Aµ)3/2
((
B + 2
√
Aµ
)∂K
∂r22
∂r22
∂g
− (1− c√
Aµ
)K(r2)
2
)
=
2
(B + 2
√
Aµ)3/2
(
2cB + 4Aµ
(B + 2
√
Aµ)
√
Aµ
∂K
∂r22
− (1− c√
Aµ
)K(r2)
2
)
=
2
(B + 2
√
Aµ)3/2
(
1
2
( 8√Aµ
B + 2
√
Aµ
∂K
∂r22
−K(r2)
)
+
c
2
√
Aµ
( 4B
B + 2
√
Aµ
∂K
∂r22
+K(r2)
))
=
2
(B + 2
√
Aµ)3/2
(
1
2
(
(2− 2r22)
∂K
∂r22
−K(r2)
)
+
c
2
√
Aµ
( 4B
B + 2
√
Aµ
∂K
∂r22
+K(r2)
))
.
Since
(2− 2r22)
∂K
∂r22
−K(r2) = −pi
2
∞∑
n=0
(2n− 1)!!(2n+ 1)!!
(2n)!!(2n+ 2)!!
r2n2 < 0,
we conclude that the derivative ∂ISη /∂g is negative.
Consider the η-period in the region L or P with (1− 2µ)2 > gc. We compute that
∂Iη
∂g
=
2(−B + 2√Aµ)3/2
(
4Aµ + 2cB√
Aµ(−B + 2
√
Aµ)
∂K
∂r23
+
(
1 +
c√
Aµ
)K(r3)
2
)
=
2(−B + 2√Aµ)3/2
(
c
2
√
Aµ
( 4B
−B + 2√Aµ ∂K∂r23 +K(r3))+ 4
√
Aµ
−B + 2√Aµ ∂K∂r23 + K(r3)2
)
=
2(−B + 2√Aµ)3/2
(
c
2
√
Aµ
(
(2r23 − 4)
∂K
∂r23
+K(r3)
)
+
4
√
Aµ
−B + 2√Aµ ∂K∂r23 + K(r3)2
)
.
Observe that
(2r23 − 4)
∂K
∂r23
+K(r3) = −pi
2
∞∑
n=0
(2n− 1)!!(2n+ 1)!!
(2n− 2)!!(2n+ 2)!!r
2n
3 < 0.
This implies that ∂Iη/∂g > 0. Plugging µ = 0 gives rise to the same result for I
P
ξ .
It remains to check the η-period for the region L or P with (1−2µ)2 < gc. Similarly, we compute
that
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∂Iη
∂g
=
2(
B2 − 4Aµ
)5/4(∂K∂r24 ∂r
2
4
∂g
(
B2 − 4Aµ
)− B + 2c
2
K(r4)
)
= − 2(
B2 − 4Aµ
)5/4( 2Aµ + cB√B2 − 4Aµ ∂K∂r24 + B + 2c2 K(r4)
)
= − 2(
B2 − 4Aµ
)5/4( 2Aµ√B2 − 4Aµ ∂K∂r24 + B2 K(r4) + c( B√B2 − 4Aµ ∂K∂r24 +K(r4))
)
= − 2(
B2 − 4Aµ
)5/4( 2Aµ√B2 − 4Aµ ∂K∂r24 + B2 K(r4) + c((2r24 − 1)∂K∂r24 +K(r4))
)
.
Together with (10) it follows that ∂Iη/∂g > 0 if B < 0. We now assume that B > 0. Since Aµ < 0
and B + 2c = g + c < 0, the second equality implies that ∂Iη/∂g > 0. This completes the proof of
the lemma.
Appendix B. Contact structures on energy hypersurfaces
A hypersurface Σ in a symplectic manifold (M,ω) is said to be of restricted contact type if there
exists a Liouville vector field Y on M , i.e., LY ω = ω, which is transverse to Σ. In this case, the
1-form λ := ιY ω = ω(Y, ·) defines a contact form on Σ.
In this appendix we show that energy hypersurfaces in the Euler problem for c < cJ are of
restricted contact type. The argument is a slight modification of that in [2, chapter 5](in fact, it is
much simpler). We repeat that here just for completeness.
Fix c ∈ (−∞, cJ). Consider the following Liouville vector field
X = (q1 + 1/2)∂q1 + q2∂q2 =: (q − E)∂q.
We will show that the vector field X intersects H−1(c) transversally for any µ ∈ (0, 1). Without
loss of generality we may assume that q2 > 0. We introduce the Earth polar coordinates (r, θ) ∈
(0,∞) × [0, pi], i.e., (q1, q2) − E = (r cos θ, r sin θ). Then the Hamiltonian and the vector field X
become
H(r, θ, p1, p2) =
1
2
|p|2 + V (r, θ) = 1
2
|p|2 − 1− µ
r
− µ√
r2 − 2r cos θ + 1
and
X = r∂r.
Then it suffices to show that
X(H)
∣∣
H−1(c) = r
∂V
∂r
∣∣∣∣
H−1(c)
> 0,
which is equivalent to
(11)
∂V
∂r
∣∣∣∣
H−1(c)
=
(
1− µ
r2
+
µ(r − cos θ)√
r2 − 2r cos θ + 13
)∣∣∣∣
H−1(c)
> 0.
Recall that r = l is the unique root of the equation
∂V (r, 0)
∂r
=
1− µ
r2
− µ
(1− r)2 .
Claim. Given r < 1, the derivative ∂V/∂r attains the global minimum at θ = 0.
For each r, we set
Ur(θ) :=
∂V (r, θ)
∂r
=
1− µ
r2
+
µ(r − cos θ)√
r2 − 2r cos θ + 13
, θ ∈ S1
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and compute that
∂Ur
∂θ
=
µ sin θ(−2r2 + r cos θ + 1)√
r2 − 2r cos θ + 15
∂2Ur
∂θ2
=
µ cos θ(−2r2 + r cos θ + 1)√
r2 − 2r cos θ + 15
− µr sin
2 θ√
r2 − 2r cos θ + 15
− 5µr sin
2 θ(−2r2 + r cos θ + 1)√
r2 − 2r cos θ + 17
.
We first observe that θ = 0 and θ = pi are critical points. For a given r we have −2r2+r cos θ0+1 = 0
if and only if
cos θ0 =
2r2 − 1
r
.
We see that −1 6 (2r2 − 1)/r 6 1 implies that r > 1/2. In particular, r = 1/2 if and only if
cos θ0 = −1, i.e., θ0 = pi. Summarizing, for r 6 1/2, there exist precisely two critical points of Ur,
i.e., θ = 0 and θ = pi, while for r > 1/2 there exists another critical point θ0 = θ0(r) satisfying
−2r2 + r cos θ0 + 1 = 0. Assume that r > 1/2. Then we have
∂2Ur(θ0)
∂θ2
=
∂2Ur(2pi − θ0)
∂θ2
= − µr sin
2 θ0√
r2 − 2r cos θ0 + 15
< 0.
This implies that θ = θ0 are a local maximum.
On the other hand, we compute that
∂2Ur(0)
∂θ2
=
µ(−2r2 + r + 1)
|r − 1|5 > 0
∂2Ur(pi)
∂θ2
=
µ(2r2 + r − 1)
|r + 1|5

< 0 if r < 12
= 0 if r = 12
> 0 if r > 12
and
Ur(0)− Ur(pi) = − µ
(1− r)2 −
µ
(1 + r)2
< 0.
This implies that θ = 0 is the unique global minimum for Ur, 0 < r < 1. This proves the claim.
Now the same argument in the proof of [2, corollary 5.3] shows that
KEc ⊂ {(q1, q2) : r < l} .
Since ∂V (r, 0)/∂r > 0 for r < l, together with the previous claim this shows that (11) holds true.
Remark B.1. One can perform Moser’s regularization [16, section 2] to the Euler problem. To
extend the vector field X to the regularization, we only need to consider |q| < . Performing the
coordinates changes in Moser’s regularization we see that
|q| = |η|(1− ξ0) < 
and
X = η0∂η0 + η1∂η1 + η2∂η2 ,
where (ξ, η) ∈ T ∗S2. One can check that the Liouville vector field X = η∂η is transverse to the
regularized energy hypersurface with |η|(1− ξ0) <  for sufficiently small  > 0, for example, see [2,
section 6.2]. This means that we have a global Liouville vector field which is transverse to energy
hypersurfaces for energies below the critical Jacobi energy. Therefore, for any c < cJ the regularized
energy hypersurface is of restricted contact type.
We have proven the following.
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Proposition B.2. For c < cJ , each connected component of the energy hypersurface can be regu-
larized to form the three-dimensional manifold which is diffeomorphic to RP 3. The two connected
components of the regularized energy hypersurface are fiberwise star-shaped or of restricted contact
type, where the transverse Liouville vector fields are given by
XE = (q − E)∂q and XM = (q −M)∂q.
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